This paper is concerned with the existence of traveling waves for the scalar hyperbolic-parabolic balance law. Using a phase-plane analysis method, we first prove the existence of an increasing traveling wave solution in C 1 (R). Then we construct a family of discontinuous periodic traveling wave entropy solutions.
Introduction
We consider the discontinuous traveling waves for the scalar hyperbolic-parabolic balance law
where a ∈ C  (R) with a(s) ≥  for s ∈ R. where ε >  is the viscosity parameter. Harterich [] obtained the global attractors of (.) depending on the parameter ε. Owing to the parabolicity, such an equation admits only smooth traveling waves with low gradient depending on the parameter ε. It is worthy of noticing that sharp surface and high gradient have been observed in some viscous balance phenomena [] . Since their discovery, it is necessary for us to derive a nonlinearly viscous balance law model. Inspired by the idea of the localized perturbations in [], we propose a nonlinear viscosity with degeneracy in this paper. Now, let us formulate the problem with nonlinear and degenerate viscosity. We consider a typical equation of gas dynamics in one spatial dimension as an illustrative example. In the Oberbeck-Boussinesq approximation, all changes in the fluid properties due to temperature variations are neglected except for the change in density that gives rise to a buoyancy force g. In particular, the momentum conservation equation becomes
If a(u)
where g = αg  θ z, α is the coefficient of volume expansion of the fluid, g  is the acceleration due to gravity, θ (x, t) = T(x, t) -T  is the temperature deviation from the mean, z is the unit vector along the vertical direction, ρ  is the density at mean temperature T  ,
p is the pressure, v is the velocity and ν = η/ρ  is the kinematic viscosity [] . Based on experimental results that flows (and therefore also the velocity) can be generated by a temperature gradient without any initial pressure gradient, we assume that the thermal buoyancy force is a function depending only on the velocity of the flow [] .
In mathematical form we have g = g (v) . Thus the gas dynamics equation considering the thermal buoyancy term can take the form of
where u is a vector of densities of conserved quantities in R n , including mass, momentum, and energy in the case of gas dynamics, f a vector of corresponding fluxes in R n , the thermal buoyancy term g in R n , and a(u) a matrix of transport coefficients in R n×n [, ] .
To propose the basic assumption, we illustrate peculiar properties of the degenerate nonlinear viscosity term. It is well understood that the viscosity of gas is small when temperature is low, vice versa. At the same time, the thermal buoyancy force can be ignored for temperatures below a certain critical temperature. So we can assume that a(u) ≡  around the zero of the thermal buoyancy term g. Considering the scalar hyperbolic-parabolic balance law (.), namely the case n =  of (.), we present the basic assumption on the viscosity term
The notations v k and K will be explained in Section . This paper is organized as follows. In Section , after introducing some definitions and notations, we present some auxiliary lemmas and state the main results. Subsequently, in Section , we prove the existence of discontinuous traveling waves.
Preliminaries and main results
In this section, we present some closely related results and definitions of entropy solutions. Sinestrari [] studied the discontinuous traveling waves of the scalar hyperbolic balance law (.) with the initial value
being periodic, under the conditions:
where BV L is the space of functions which are locally of bounded variation and are L-periodic for some given constant L > ; (A) The zeros of g are simple, i.e., g (v) =  for any v such that g(v) = . Moreover, g has at least one zero v such that g (v) >  and there exists M g >  such that
The zeros of g are labeled in an increasing order by
To any zero v k of g there can be associated a continuous traveling wave solution and a family of discontinuous periodic traveling waves of (.) with speed f (v k ).
It is well known that the problem (.)-(.) does not have global classical solutions even if u  is smooth [] . On the other hand, discontinuous solutions in the distributional sense may not be unique. This leads to the definition of entropy solutions as follows.
is an entropy solution of the problem (.)-(.) if it satisfies (.)-(.) in the sense of distributions, u(·, t) ∈ BV loc (R) for every t and the entropy condition
holds, where u(x + , t) and u(x -, t) denote the rightward and leftward one-sided limits of
u(·, t).
A function u is a solution of (.) in the sense of distributions with the entropy condition (.) if and only if u satisfies Definition ., which is derived by a vanishing viscosity method [] .
for any k ∈ R and any smooth function w(x, t) ≥  with compact support, the following inequality holds:
With this notion of entropy solutions and under the assumptions (A)-(A), the problem (.)-(.) is well posed, as is shown by [] and references therein.
We are concerned with the discontinuous traveling waves for the scalar hyperbolicparabolic balance law (.). For the sake of convenience, we define
Using the vanishing viscosity method, we give the following definition of entropy solutions.
is said to be an entropy solution of equation (.), if for any k ∈ R and any smooth function w(x, t) ≥  with compact support, the following inequality holds:
It was Vol'pert and Hudjaev [] who first treated the solvability of the initial value problem for the hyperbolic-parabolic balance law (.). The uniqueness of entropy solution of equation (.) subject to given initial value was proved by Wu and Yin [] in an equivalent form of discontinuity condition. Now we show that for piecewise continuous functions, the definition of entropy solutions can be valid by satisfying the assumptions in the following lemma. 
Then u is an entropy solution of equation (.).
Proof
x is strongly degenerate. The rest of the proof is similar to the proof of the equivalence between the inequality (.) in Definition . and the definition of entropy solutions for the first order equation (.) in Definition ..
We state our main result here and leave its proof to the next section.
Theorem . Assume that the assumptions (A), (A), (A), and (.) hold. We further assume that a(s) satisfies the following inequality: 
Proof of the main results
For any given k with  ≤ k ≤ K , in order to find the discontinuous traveling waves with speed f (v k ), we first prove that the degenerate equation (.) has a continuous traveling wave solution with speed f (v k ) and range (v k- , v k+ ). Let the traveling wave
We have
Since (.) is autonomous, without loss of generality, we assume that φ() = v k . Note that
and φ(ξ -) = b k- , φ(ξ + ) = a k .
Now we need to extend the solution φ of equation (.) to the domain (-∞, ξ -) and (ξ + , +∞). We begin with the right-hand extension to the interval (ξ + , +∞). We have 
Noticing that a(φ) >  for ξ ∈ (ξ + , ξ  ), we can convert the second-order degenerate differential equation (.) into the following singular planar dynamic system:
For the sake of convenience, we let ( , ) designate the right-side vector field of the above dynamic system. We apply the phase-plane arguments to this problem in the domain
We need to show that there exists a trajectory connecting the two singular points (a k , ) and (b k , ). Define the curve
, φ ∈ (a k , b k ) .
We can verify that  connects the singular points (a k , ) and (b k , ), and divides the domain G  into two parts, with the following assertions holding:
, φ ∈ (a k , b k )}, > , > ;
In order to prove the existence of a trajectory that goes out from the singular points (a k , ), we construct the following curve:
and let
constants that will be determined below, such that  has the following properties: (i) the curve  lies in the domain G  ; (ii) any trajectory intersecting with the curve  all runs through  from G  into G  . The above two properties are equivalent to
That is, > , which implies that ξ  is a finite real number. Now we solve equation (.) in the interval (ξ  , +∞). Since a(s) ≡  for any s ∈ (b k , v k+ ), we find that φ(ξ ) satisfies
We note that v k+ is an odd zero of g. It follows that the above integral has a non-integrable singularity at v k+ . Thus φ is strictly increasing and lim ξ →+∞ φ(ξ ) = v k+ .
The left-hand extension of φ to the interval (-∞, ξ -) is similar.
φ is piecewise C  continuous and strictly increasing, and the range of φ is (v k- , v k ].
Proof The proof of this lemma is similar to that of Lemma ..
Utilizing the above two lemmas, we can prove that the degenerate parabolic equation (.) admits a strictly increasing traveling wave solution whose range is (v k- , v k+ ). Proof This is a simple conclusion of Lemma . and Lemma ..
Concerned with the Rankine-Hugoniot condition (.), we give the following property of convex functions.
Similarly, assume that
Proof According to the strict convexity of f , we conclude the above assertions.
Using the continuous traveling wave of equation (.), we can construct a family of discontinuous periodic traveling waves. Suppose that the conditions (.) and (.) are fulfilled. We note that either the condition (.) or the condition (.) is true. Without loss of generality, suppose that (.) holds. Lemma . implies that equation (.) admits a continuous traveling wave, denoted by φ k (ξ ) with ξ = x -f (v k )t and the speed of this traveling wave is f (v k ).
For any given positive integer N , and any given real number sets
according to Lemma .. Since φ k (ξ ) is strictly increasing with range (v k- , v k+ ), we see that there exists a unique {ξ
Fix any ξ  ∈ R and define - , a k ) . Lemma . implies that u(x, t) is an entropy solution of (.).
Proof of Theorem . Under the assumptions of Theorem ., we see that the conditions (.) and (.) are fulfilled. According to the construction of ψ k (ξ ) and Lemma ., we conclude that equation (.) admits infinitely many discontinuous traveling wave entropy solutions.
